Abstract. We complete the construction of the nonlift weight two cusp paramodular Hecke eigenforms for prime levels N < 600, which arise in conformance with the paramodular conjecture of Brumer and Kramer.
Introduction
We use Borcherds products to construct all the paramodular nonlift newforms that are suggested by the work of [14] . That article and this one provide evidence for the paramodular conjecture of A. Brumer and K. Kramer, initially stated in [2] . The paramodular conjecture is now modified in section 8 of [3] , after F. Calegari pointed out an oversight in the conjecture's earlier statement. Define an abelian variety B/K to be a QM abelian variety or QM by D abelian variety if End K B is an order in the non-split quaternion algebra D/Q. Define a cuspidal, nonlift Siegel paramodular newform f of degree 2, weight 2 and level N with rational Hecke eigenvalues to be a suitable paramodular form of level N . The paramodular cusp form space is denoted S 2 (K(N ))-the subscript 2 indicates the weight, K(N ) denotes the paramodular group of degree 2 and level N , and the degree is omitted from the notation because all paramodular forms in this article have degree 2. Newforms on K(N ) are by definition Hecke eigenforms orthogonal to the images of level-raising operators from paramodular forms of lower levels [15, 16] . The lift space in S 2 (K(N )) is Grit(J cusp 2,N ), the Gritsenko (additive) lift of the Jacobi cusp form space of weight 2 and index N . The paramodular conjecture is:
Let A N be the set of isogeny classes of abelian surfaces A/Q of conductor N with End Q A = Z, let B N be the set of isogeny classes of QM abelian fourfolds B/Q of conductor N 2 , and let P N be the set of suitable paramodular forms of level N , up to nonzero scaling. There is a bijection A N ∪ B N ←→ P N such that
In [14] , the first and third authors of this article studied S 2 (K(N )) for prime levels N < 600, proving by algorithm that S 2 (K(N )) = Grit(J cusp 2,N ) for all such N other than the exceptional cases N = 277, 349, 353, 389, 461, 523, 587, precisely the primes N < 600 for which relevant abelian surfaces exist [2] . Also, [14] shows that in the exceptional cases there is at most one nonlift dimension, lying in the Fricke plus space, except that for N = 587 there is at most one Fricke plus space nonlift dimension and at most one Fricke minus space nonlift dimension. We refer to these last two cases as N = 587 ± . At each relevant level, granting that the nonlift exists, the relevant newform f = f N is known (see the website [21]), as are Euler factors of L(f, s, spin) for small primes [14] . Further, [14] shows that S 2 (K(277)) does contains a nonlift dimension Cf 277 , by constructing it. In [9] , V. Gritsenko and the first and third authors of this article constructed a nonlift in S 2 (K(587)) − , using a Borcherds product. A. Brumer and A. Pacetti and G. Tornaría and J. Voight and the first and third authors of this article have shown the equality of L(f N , s, spin) and L(A N , s, Hasse-Weil), for N = 277, 353, 587 − , citing this article for the existence of the nonlift for N = 353 [4, 19] . We call N = 277, 349, 353, 389, 461, 523, 587 ± the outstanding levels, even though some of them are already addressed. This article describes nonlift constructions for all of them, completing [14] . All but two outstanding levels have nonlift Borcherds products; the more interesting cases are the two exceptions, N = 461, 587
+ . Thus our main result, also including the squarefree composite levels through 300, studied in [12] , is Theorem 1.1. The following dimensions are established. 249  5  6  0  277  10  11  0  295  6  7  0  349  11  12  0  353  11  12  0  389  11  12  0  461  12  13  0  523  17  18  0  587 18 19 1 More details of the nonlift computations are given at the website [20] . In consequence of this theorem, the provisional nonlift eigenform formulas in [14] are now established. Expressions for the nonlift eigenforms as linear combinations of our constructed nonlifts and Gritsenko lifts will appear in a later expanded version of this article.
Background
The background section of [12] introduces terminology and notation for paramodular forms and for Fricke and Atkin-Lehner involutions. Here we add some specifics that bear on this article. Let S k (K(N )) denote the space of weight k, level N paramodular cusp forms. For k ≥ 3 and squarefree N , a formula for dim S k (K(N )) is given in [10] , but no such formula is known for k = 2. Every paramodular cusp form of weight k and level N has a Fourier expansion
where X 2 (N ) = { n r/2 r/2 mN : n, m ∈ Z ≥0 , r ∈ Z, 4nmN − r 2 > 0 } and e(z) = e 2πiz and t, Ω = tr(tΩ). The Fourier-Jacobi expansion of such a paramodular cusp form is
with Jacobi coefficients
Here the coefficient a(t; f ) is also the coefficient c(n, r; φ m ). That is,
Each Jacobi coefficient φ m (f ) lies in the space J cusp k,mN of weight k, index mN Jacobi cusp forms, whose dimension is known [5, 18] . For the theory of Jacobi forms, see [5, 7, 18] .
Let S denote any Fricke eigenspace or Atkin-Lehner eigenspace of S k (K(N )). To describe our computational method for studying S in weight k = 2, introduce for any positive integer d the notation
Thus there is an exact sequence
Our prototype methodology to study S in weight 2 is as follows.
(1) Show for some nonnegative integer d that S(d + 1) = 0, i.e., every element of S is determined by its first d Jacobi coefficients.
, so we believe that the bound dim S ≤ dim J is an equality, and we can identify elements of S uniquely as linear combinations of our basis of J . (3) Show that dim S = dim J , and span S in the process, by constructing that many independent elements in S. We use variations of these ideas when convenient, such as identifying an element f [d] in J even when this determines f only up to S(d + 1), and when J may well contain S[d] properly.
The methods described in the previous paragraph are facilitated by working in some prime characteristic p, rather than in characteristic 0; as will be explained below, this doesn't lose any dimensions. We describe the transition from characteristic 0 to characteristic p. Continue to let S denote any Fricke eigenspace or Atkin-Lehner eigenspace of S k (K(N )), and let J cusp k,m denote the space of weight k, index m Jacobi cusp forms for any m. Using the Jacobi expansions of paramodular cusp forms, we view two maps as containments for simplicity,
The latter containment entails some chosen ordering of the index sets for Fourier expansions of Jacobi forms. For any prime p, let a subscript p denote the map from
(So (av +ṽ) p = a p v p +ṽ p for a ∈ Z and v,ṽ ∈ Z ∞ , where a p is the image of a in F p .) Thus
The spaces S and J cusp k,m have bases in Z ∞ by results of [17] and [5] , respectively.
Extending the notation from above, again for any positive integer d,
and we will show below that in consequence of an integral basis of S, For the first part of our three-part method in weight 2, the methods of [12] let us attempt to show for a given d that S(d) = 0 or S p (d) = 0, where S is either Fricke eigenspace of S 2 (K(N )), or even all of S 2 (K(N )). These methods require us to span enough of the weight 4 space S 4 (K(N )), namely a subspace of codimension less than dim J cusp 2,N . As already noted, we know dim S 4 (K(N )) from [10] if N is squarefree, and we know dim J cusp 2,N from [5, 18] . For the second part of our method, the Jacobi Restriction method [1, 11, 12] gives an efficient superspace 
An additional parameter, det max , bounds the Fourier coefficient index determinants in the calculation, thus making the method an algorithm; this parameter must be chosen so that each space J cusp k,jN with j ≤ d is determined by the Fourier coefficients whose indices satisfy the determinant bound. For simplicity we suppress det max from the notation J 
The third part of our method is much more situational, involving a range of context-dependent constructions to create paramodular cusp forms in the desired space. For this reason, we attempt no systematic description here.
We show the relations dim
Let p be prime, and let 
We quickly review Atkin-Lehner involutions. Let N be a positive integer, and let c be a positive divisor of N such that gcd(c, N/c) = 1. For any four integers α, β, γ, δ such that αδc − βγN/c = 1, define a c-Atkin-Lehner matrix
Especially, for c = 1 we may take α, δ = 1 and β, γ = 0 to get the identity matrix, and for c = N we may take α, δ = 0 and β, γ = ∓1 to get the usual Fricke involution matrix The previous paragraph shows that for any prime divisor p of N such that
In this article we take N an odd prime and M = 2, and trace down a level 2N Atkin-Lehner eigenform having 2-eigenvalue −1 and N -eigenvalue 1, obtaining a level N Fricke plus form. This is our route to constructing a nonlift in a space that has no nonlift Borcherds products.
Jacobi form constructions for Borcherds products
Borcherds products are a source of nonlift paramodular forms, although some of them are lifts. The theory of Borcherds products for paramodular forms is given by V. Gritsenko and V. Nikulin in [7] . A Borcherds product takes the form f = Borch(ψ) where ψ ∈ J w.h. 0,N is a weight 0 weakly holomorphic Jacobi form. Theorem 3.3 of [8] , which in turn is quoted from [7, 6] and relies on the work of R. Borcherds, gives sufficient conditions for a Borcherds product to be a paramodular Fricke eigenform; see also section 7 of [12] .
One source of weight 0 weakly holomorphic Jacobi forms is the containment J A second source of weight 0 weakly holomorphic Jacobi forms ψ is a method that we call the inflation method . It builds ψ from a combination of two sums, one that involves raising operators and a second that involves inflations (to be explained below),
Here the φ 1,i and the φ 2,j and the Θ j are basic theta blocks, by which we mean theta blocks that are weakly holomorphic Jacobi forms of integral weight and level, and V 2 is the index-raising operator of [5] , page 41. Each theta block φ 1,i lies in J w.h. k,N , has q-vanishing order ν 1,i , and has baby theta block
k,rj N for some r j and has q-vanishing order ν 2,j and baby theta block b 2,j (ζ), and each theta block Θ j lies in J w.h. k,(rj +1)N and has qvanishing orderν j and baby theta blockb j (ζ), and b 2,j (ζ) |b j (ζ). These conditions make each term in the previous display an element of J w.h. 0,N [8] . We call Θ j an inflation of φ 2,j [9] . Some special cases of the inflation method are as follows.
• Case 1. n = 0, so that ψ = m i=1 α i (φ i |V 2 )/φ i , and furthermore all ν i are 1.
• Case 2. (m, n) = (1, 1) with one φ, such that ν(φ) ∈ {1, 2}, and ψ = (−1) ν(φ) (φ|V 2 )/φ + βΘ/φ. Here β is usually ±1. The first term of ψ determines r = 1 in the second.
• Case 3. (m, n) = (0, 1), so that ψ = Θ/φ. Usually (ν,ν) = (1, 2) or (ν,ν) = (2, 2).
For each of the outstanding levels except for N = 461, 587 + , a Jacobi form ψ that gives rise to a nonlift Borcherds product can be obtained by various cases, rather than taking ψ ∈ J − , Case 2 with (ν,ν) = (2, 2) and β = −1 works [9] .
We mention briefly that in [12] , the authors of this article studied S 2 (K(N )) for squarefree composite levels N < 300, proving by algorithm that S 2 (K(N )) = Grit(J cusp 2,N ) for all such N other than the exceptional cases N = 249, 295, where there is at most one nonlift dimension. These are the two odd squarefree composite values N < 300 for which relevant abelian surfaces exist, and at these two levels the one known isogeny class contains Jacobians of hyperelliptic curves. For these two levels, we constructed the putative nonlift eigenform by the Case 3 method, with (r, ν,ν) = (2, 2, 2), as was done for N = 277.
Levels 461 and 587
For levels N = 461, 587, the methods of [13] show that there is no nonlift Borcherds product in S 2 (K(N )) + . To construct nonlifts in these two cases, we begin by constructing Borcherds products in S 2 (K(2N )) − . Again by the methods of [13] , there is one Borcherds product in S 2 (K(922)) − and three in S 2 (K(1174)) − . These Borcherds products have integral Fourier coefficients, some of which we can compute. Polarizing the Borcherds products creates Atkin-Lehner eigenforms f
−,+ (i.e., their µ 2 , µ N -eigenvalues are −1, 1) again having integral Fourier coefficients, and the eigenforms trace down to S 2 (K(N )) + , the tracing down again preserving the integrality of the Fourier coefficients; Atkin-Lehner involutions µ c and tracing down are described in [12] , and they were briefly touched on further in section 1 here. However, we don't have enough Fourier coefficients of our eigenforms to trace them down, so we need to produce more coefficients first. We do so in a finite characteristic p. + . The ideas of this paragraph generalize beyond an odd prime level N and a one-dimensional space J −,+ d,p , but here we described them only as needed for the situation at hand.
